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= We will look at 4 common distributions used in engineering:
— Normal, Lognormal, Weibull, Gumbel

- And for cases where a distribution is not available
— Tabular



L1 -
TEXTRON AVIATION

MAITTER

= Commonly used to represent statistical errors.
- Two parameters, mean (u), standard deviation (o).
- Some PDTA parameters are normal, e.q., fracture toughness, material

strength.
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e Normal Distribution

= Probability density function is symmetric
« Sum of Normal distributions is Normal

eXp (_ (332—05)2 )
V2To

fx(z) =

Standard Deviations of a Standard Normal PDF



Normal Distribution

®(x)-Standard Normal

¢(x) - Standard Normal

= The slope of the CDF is the
value of the PDF.

= The integral under the PDF is
the value of the CDF



2) e Normal —
Probability Calculations

- The CDF for any normal distribution can be obtained from the

standard normal:

FX(x)=c1>(x_“)

g
x =0 P 1F)+pu

® represents the CDF of the normal distribution

Software CDF function inverse CDF function

Excel norm.dist(x, b, 0, TRUE) norm.inv(x, M, O)

Python scipy.stats.norm.cdf(x, 4, o) scipy.stats.norm.ppf(X, Y, O)

Matlab normcdf(x, W, 0) norminv(x, W, O) 6

R stats.pnorm(x, 4, 0) stats.gnorm(x, M, 0)
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i LogNormal Distribution

« Closely related to Normal distribution. If In(X) is Normal, X is
Lognormal.

= Cannot go negative. Unsymmetric - Long right tail.

2
_ 1 1 In(x)—-2
fX(x) — m(fx) eXp( 2( £ ) )
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T LogNormal Distribution

= Defined by 2 parameters: mean (1) and stdev (&) of In(x).
= A and € are related to u and A by

o\’ 1
§ = 1+(;) ; /1=1n(ﬂ)—§52

Caution! Most codes (including Excel) want the mean
and stdev of In(x), That is, they want A and ¢.



2) e LogNormal —
Probability Calculations

« The CDF of the LogNormal distribution can be computed from

the Normal distribution:
In(x) — /1)

Fy(x) = CI>< :
x = exp(§ 71(F) + 1)

® represents the CDF of the normal distribution

Software CDF function inverse CDF function

Excel lognorm.dist(x, A, € TRUE) lognorm.inv(x, A, &)

Python scipy.stats.lognorm.cdf(x, € exp(A)) scipy.stats.lognorm.ppf(x, &, exp(A))

Matlab logncdf(x, A, €) logninv(x, A, €) 9

R stats.plnorm(x, A, €) stats.glnorm(x, A, €)




e Weibull Distribution

= Very flexible distribution. Often used to model equivalent initial
flaw size, fatigue life (time to failure).

T-38 Wing EIFS
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Weibull Distribution

- Two parameters: shape (a) and scale ()

a—1 a
F@=5(5)  ew (‘ 5) )
- Calculating the Mean and Standard Deviation of Weibull distributions requires evaluating the
gamma function, T

u=Br(1+1/a); o= ,[)’\/F(l +2/0)—(T(1 + 1/))"

Weibull PDF plots Weibull CDF plots
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\ Weibull —
Probability Calculations

- Excel does not have an inverse Weibull CDF, but it is
simple to construct analytically, where Fis a

probability
Fx(x) =1 —exp(—(x/B)%)
r = f(—In(1 - F))"/°
Software CDF function inverse CDF function
Excel weibull.dist(x, a, B, TRUE) must be manually defined (see above)
Python scipy.stats.weibull_min.cdf(x, a, B)  scipy.stats.weibull_min.ppf(x, a, B)
Matlab wblcdf(x, B, a) wblinv(x, B, a)

R stats.pweibull(x, a, B) stats.qweibull(x, a, B) 12




Gumbel Distribution

- An extreme value distribution often used to model loads. There are
Gumbel minimum and maximum distributions. Gumbel max is used
for loads. (Also called Extreme Value Distribution Type-1.)

Gumbel Max stress per flight PDF plots
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s Excel Implementation

« Excel does NOT have the Gumbel (EVD) distribution.
= This can be easily programmed.

_xT—a

F(m) — e € ° Evaluate probabilities

r=a+b(—In(F(—1In))) Generate samples

(where F is a probability between 0 and 1)

Software CDF function inverse CDF function

Excel must be manually defined must be manually defined

Python scipy.stats.genextreme.cdf(x, 0, a, b) scipy.stats.genextreme.ppf(x, 0, a, b)

Matlab gevcdf(x, 0, b, a) gevinv(x, 0, b, a) 14

R evd.pgev(x, a, b, 0) evd.qgev(x, a, b, 0)
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Tabular Distribution
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Probability Density

TEXTRON AVIATION
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00000

Lognormal PDF

Tabular Distribution

Uniform PDF
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- Example: lognormal + uniform to give 0.001 probability of 0.05”

rogue flaw

- The rogue flaw probability density is not visible unless one zooms

in on the right tail
- What does the CDF look like?
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CDF Plot
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Example: lognormal + uniform to give 0.001 probability of 0.05"” rogue flaw
The 1/1000 rogue flaw bump is not visible on a CDF plot

Tabular Distribution
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... but can be seen clearly by plotting exceedance on a logarithmic scale as shown by the

mountain plot

When given as a tabular distribution for EIFS, the POF will be highly dependent on the

random samples generated from
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i Normal Distribution

NORM.DIST function
Excel for Office 355, Excel for Office 365 for Moc, Excel 20713, Excel 2076, More. Evaluate CDF & PDF

Returns the normal distribution for the specified mean and standard deviation. This function has a very wide

range of applications in statistics, including hypothesis testing.

Example
Syntax

Copy the example data in the following table, and paste it in cell A1 of a new Excel worksheet. For formulas to
NORM.DIST(x mean standard_dev, cumulative) show results, select them, press F2, and then press Enter. If you need to, you can adjust the column widths to

see all the data.
The NORM.DIST function syntax has the following arguments:

Data Description
« X Required. The value for which you want the distribution.
v+ Mean FRequired. The arithmetic mean of the distribution. 42 Value for which you want the distribution
+ Standard_dev Required. The standard deviation of the distribution.
40 Arithmetic mean of the distribution
+ Cumulative Required. A logical value that determines the form of the function. If cumulative is 1
. i ibuti i i h il
NORH DIST returns the cumulative distribution function; if FALSE, it returns the probability density - R ST B
function.
Rem d r’|<‘S Formula Description Result
v If mean or standard_dev is nonnumeric, MORM.DIST returns the #VALUE! error value. =NORM.DIST(A2, A3 A4 TRUE) Cumulative distribution function for the terms above 0.9087888
If standard_dev < 0, NORM.DIST returns the #NUM! error value,
=MNORM.DIST{A2 A3 Ad FALSE) Probability mass function for the terms above 0.10934

v If mean = 0, standard_dev = 1, and cumulative = TRUE, NORM.DIST returns the standard normal
distribution, NORM.5.DIST.

+ The equation for the normal density function (cumulative = FALSE) is:

(ot 20

o
Slx, )= AR

Lo

v When cumulative = TRUE, the formula is the integral from negative infinity to x of the given formula.
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i Normal Distribution

NORM.INV function

Excel for Office 365, Excel for Office 365 for Mac, Excel 2018, Excel 2078, More_..

Inverse fn. — generate samples
X=norm.inv(p, u, o)

Returns the inverse of the normal cumulative distribution for the specified mean and standard deviation.

Syntax Example

Copy the example data in the following table, and paste it in cell A1 of a new Excel worksheet. For formulas to
NORM.INV(probability,mean, standard_dev) show results, select them, press F2, and then press Enter. If you need to, you can adjust the column widths to

see all the data.

The MORM.INY function syntax has the following arguments:

= Probability Required. & probability corresponding to the normal distribution, Data Description
* Mean Required. The arithmetic mean of the distribution. 0903789 Probability corresponding to the nermal distribution
= Standard_dev Reguired, The standard deviation of the distribution,
40 Arithmetic mean of the distribution
Remarks 1.5 Standard deviation of the distribution
= If any argument is nonnumeric, MORMINY returns the #VALUE! error value, Formula Description Result
= If probability <= 0 or if prokability == 1, NORMINV returns the #NUM! errer value,
=NORM.INV Inverse of the normal cumulative distribution for the terms above 42000002
» If standard_dev < 0, NORM.INY returns the #MUM! error value. (A2,43,A4) [42)

» |f mean = 0 and standard_dev = 1, NORM.IMV uses the standard normal distribution (see NORMS.INV).

Given a value for probability, NORMINY seeks that value x such that NORM.DIST(x, mean, standard_dev, 21
TRUE) = probkakility. Thus, precision of NORM.INV depends on precision of MORM.DIST.
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LogNormal — Excel Options

J'h"f"llx .i—‘\—l_r E R

# LOGNORM.DIST function

Returns the lognormal distribution of x, where In(x) is normally distributed with parameters mean and standard_dex
Use this function to analyze data that has been logarithmically transformed.

Syntax
LOGNORM.DIST(x,mean,standard_dev,cumulative)

Argument Description Remarks
X The value at which to « If this argument is equal to or less than zero, this function
evaluate the function. returns the #NUM! error value.
« |If this argument is nonnumeric, this function returns the

#VALUE! error value.

mean A mean of In(x). « |f this argument is nonnumeric, this function returns the
#VALUE! error value.
standard_dev The standard deviation of « |f this argument is equal to or less than zero, this function
In(x). returns the #NUM! error value.
« [f this argument is nonnumeric, this function returns the
#VALUE! error value.
cumulative A logical value that « |f this argument is TRUE, this function returns the cumulative
determines the form of distribution function; if FALSE, it returns the probability
the function. density function.
+ If this argument is nonnumeric, this function returns the

#VALUE! error value.

Evaluate CDF & PDF

The equation for the lognormal cumulative distribution function is:
LOCNORM.DIST(x,1,0) = NORM.S.DIST(1n(x)-u / o)
Example

To make the following example easier to understand, you can copy the data to a blank sheet and then enter the
function underneath the data. Do not select the row or column headings (1, 2, 3... A, B, C...) when you copy the
sample data to a blank sheet.

- A B
1 Data Description

2 4 Value at which to evaluate the function (x)
3 3.5 Mean of In(x)

4 1.2 Standard deviation of In(x)

Formula Description (Result)
=LOGNORM.DIST(A2,A3,A4,TRUE) Cumulative lognormal distribution at 4 with the terms in the table (0.039084)
=LOGNORM.DIST(A2,A3,A4,FALSE)  Probability lognormal distribution at 4 with the terms in the table (0.017618)

# LOGNORM.INV function

Returns the inverse of the lognormal cumulative distribution function of x, where In(x) is normally distributed with
parameters mean and standard_dev. If p = LOGNORM.DIST(x,...) then LOGNORM.INV(p,...) = Xx.

Use the lognormal distribution to analyze logarithmically transformed data.
Syntax
LOGNORM.INV{probability,mean,standard_dev)

Argument Description Remarks
probability A probability associated with the » |f this argument is equal to or less than zero, this
lognormal distribution. function returns the #MUM! error value,

+ |f this argument is equal to or greater than 1, this
function returns the #MUM! error value.

» |f this argument is nonnumeric, this function returns
the #VALUE! error value.

mean A mean of Ini(x). » |f this argument is nonnumeric, this function returns
the #VALUE! error value.

standard_dev The standard deviation of In{x). » |f this argument is equal to or less than zero, this
function returns the #NUM! error value,

+ |If this argument is nonnumeric, this function returns
the #VALUE! error value.

wmee  INIVErse fn. — generate samples

To make the following example easier to understand, you can copy the data to a blank sheet and then enter the
function underneath the data. Do not select the row or column headings (1, 2, 3... A, B, C...) when you copy the
sample data to a blank sheet.

_ A B

1 Data Description

2 0.039084 Probability that is associated with the lognormal distribution
3 3.5 Mean of In(x)

4 1.2 Standard deviation of In(x)

Formula Description (Result)

Inverse of the lognormal cumulative distribution function for the terms in the table

=LOGNORM.INV(AZ,A3,A4) (4.000025)

22



LogNormal — Excel Options

LOGNORM.DIST function

Excel for Office 365, Excel for Office 365 for Mac, Excel 2018, Excel 2018, More_.

Evaluate CDF & PDF

Returns the lognormal distribution of x, where In(x} is normally distnbuted with parameters Mean and

Standard_dev.
Use this function to analyze data that has been logarithmically transformed. Exa mp |e
Copy the example data in the following table, and paste it in cell A1 of a new Excel worksheet. For formulas to
S show results, select them, press F2, and then press Enter. If you need to, you can adjust the column widths to
yntax see all the data.
LOGMNORM.DIST (x, mean,standard_dev, cumulative) L
Data Description
The LOGMNORM.DIST function syntax has the following arguments:
4 Value at which to evaluate the function (x)
= X Reguired, The value at which to evaluate the function,
» Mean Required. The mean of In(x). 3.5 Mean of In(x)
* Standard_dev Required. The standard deviation of In(x). 12 Standard deviation of In(x)
= Cumulative Required. & logical value that determines the form of the function. If cumulative is TRUE,
LOGNORM.DIST returns the cumulative distribution function; if FALSE, it returns the probability density Formula Description Result
function.
=LOGNORM.DIST Cumulative lognormal distribution at 4, using the 0.03908326
(A2 A3 A4 TRUE) arguments in A2:A4,
Remarks
=LOGMNORM.DIST Probability lognormal distribution at 4, using the same 0.0178176
* If any argument is nonnumeric, LOGNORM.DIST returns the #VALUE! error value. L, nadlde EUELIEHE
s Ifx £ 0 orif standard_dev < 0, LOGNORM.DIST returns the #FNUM! error value. 23

= The eqguation for the lognormal cumulative distribution function is:

LOGNORM.DIST (% pe.0) = NORM.S.DIST{Tnix}-u /o)



LogNormal — Excel Options

LOGNORM.INV function

Excel for Office 365, Excel for Office 365 for Mac, Excel 2078, Excel 2078, More_..

This article describes the formula syntax and usage of the LOGNORM.INV functicn in Microsoft Excel,

Inverse fn. — generate samples
Description x=lognorm.inv(p, 4, §)

Returns the inverse of the lognormal cumulative distribution function of x, where In{x) is normally distributed
with parameters Mean and Standard_dev. If p = LOGNORM.DIST(x,...) then LOGNORM.INV(p,..) = x.

Use the lognormal distribution to analyze logarithmically transformed data.

Example

Copy the example data in the following table, and paste it in cell A1 of a new Excel worksheet. For formulas to
S}/ﬁtax show results, select them, press F2, and then press Enter. If you need to, you can adjust the column widths to

see all the data.
LOGNORM.INV(probability, mean, standard_dev)

The LOGNORM.INY function syntax has the following arguments: Data Description

= Probability Required. A probability associated with the lognormal distribution.

0.039084 Probability associated with the lognormal distribution
= Mean Required. The mean of Infx).
» Standard_dev Required, The standard deviation of In(x). 3.5 Mean of In(x)
1.2 Standard dewviation of In(x
Remarks %
« If any argument is nennumeric, LOGNORM.INV returns the #VALUE! error value, Formula Description Result
o If probability <= 0 or probability »= 1, LOGNORM.INV returns the #NUM! error value, 24

=LOGMNORM.INWVIAZ, A3, Inverse of the lognormal cumulative distnbution function for the  4.0000252
» If standard_dev <= 0, LOGNORM.INV returns the #NUM! error value. Ad) terms ahove



+ & WEIBULL.DIST function

4
Nuss”
g:f:fi';‘r:'s'e' Returns the Weibull distribution. Use this distribution in reliability analysis, such as calculating a device's mean time to
S - failure.
TEXTRON AVIATION Syntax
fﬂ;ﬂ\ ER WEIBULL.DIST(x,alpha,beta,cumulative)
Argument Description Remarks
_ X The value at which to + |f this argument is less than zero, this function returns the
evaluate the function. #NUM! error value.
+ If this argument is nonnumeric, this function returns the
#VALUE! error value.
alpha A parameter of the + |f this argument is nonnumeric, this function returns the

distribution. #VALUE! error value.

« If this argument is equal to or less than zero, this function
returns the #NUM! error value,

beta A parameter of the « If this argument is nonnumeric, this function returns the
distribution. #VALUE! error value. Xce Oes no ave a n

» |If this argument is equal to or less than zero, this function

cumulative Determines the form of the . :;::5 e i nve rse Wei bu I I CD F’ bUt
it is simple to construct
. ;E;j:,j:;o:lff:;;;&'eibuII cumulative distribution function is: a na Iytlca I Iy, Where F IS a

o The equation for the Weibull probability density function is: pro ba bl I Ity

e Y = et Al
f(x,w,,{‘ﬁ)—Jé?EX &
+ When alpha = 1, WEIBULL.DIST returns the exponential distribution with:
d=L
g Evaluate CDF & PDF
Example
To make the following example easier to understand, you can copy the data to a blank sheet and then enter the
function underneath the data. Do not select the row or column headings (1, 2, 3... A, B, C...) when you copy the 1 / Oé
sample data to a blank sheet. ,CE p— - ]_n ]_ - F
- A B
1 Data Description
2 105 Value at which to evaluate the function
3 20 Alpha parameter to the distribution
4 100 Beta parameter to the distribution
Formula Description (Result) 25

=WEIBULL.DIST({AZ2,A3,A4, TRUE) Weibull cumulative distribution function for the terms in the table (0.929581)
=WEIBULL.DIST(AZ2,A3,A4,FALSE) Weibull probability density function for the terms in the table (0.035589)



